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� `AWp�_WÛy,\_R�iHWd^�xBfBUaTV\�h�vm~|`�Tlj¶`#Ua`�WÛy,PAiHW�UH\bX�WÛx�Wd�l\�r+TVS�rA^H\¤x�WdX+f_�Vc�\�^HT�Ua`�S#iYv_Tli�Ua`=fBU
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Ua`�W ³ Ù�UH`,R=fB�nf_h�jdWÛÝ r�\�TVhsUN\BZ�Ua`�W�iHW,(QPAWYh�jdW r 8 Æ |)Ü-ÜoÜ-| 8 Ñ | 8 Ñ�t¶Æ { TliD�l\Qj�fuUaWYX#Ua\¯Ua`�W8^HTVc�`sU
\_Z�UH`�W ³ Ù Ua`�R=f_�nfBh�jYWÞÝ�r)\�TlhsUg\BZ�UH`�W�iHW)(mP�Wdh�jYW r 8 Æ |)Ü-ÜoÜ-| 8 Ñ { �
� `AW�Ö��äÝ�f_�Vc�\�^�TVUa`AS#+=�V�li�\�PAUNUa`�Wpf_^H^Hf¤y#\_Zr���X��Ý0x_fB�lP�WdiNTVh�Ua`AWpiafBS�W|ZJf_iH`ATl\�h,f_i

Ua`�W Úp�;Ý�f_�Vc�\�^�TVUa`AS²×K\�h�Wp^H\¤~ fuU|fbUaTVS�W8Z]^H\�SàUa\�r+UH\FR�\_U�Ua\�S�vmZ]^H\�S�lWdZÓUNUa\F^�Tlc�`sU��
�2\_^ ³ À "�v��B� Á | � | ³ � À ê r � { ���=\�^ ³ ^ "�v��B� Á | � | ³ �¯TVi�jYf_�ljdP��nfuUaWYX�Rmy��_WdWYr�TVh�c
Ua^afBj¶�F\_Z�~|`AWY^HW8Ua`�W ³ Õd"�Ù�UH`�R�f_�nf_hAjYWÛÝ r�\_TlhsU�~gfBiN�V\kjYfBUaWdX�Z]\_^V�B� Á | ��Õd" | ³ �Þ��ÎKWÛU'� ²
R�W|Ua`�W ³ Õ×"�Ù Ua`�R=f_�lf_h�jYWÞÝ�r)\�TlhsU�Z]\�^�UH`�W�rA^H\�R��VWYS �B� Á | �$Õ×" | ³ �Û� � \E+=hAX��B� Á | � | ³ �Ûv
Tlh�jd^HW�fBiHWá� ² PAhmUHTl� T�U²S#WYWÛUaiäUa`�WzjY^�TVUHWY^HTlfÔZ]\�^�f'R=fB�nf_h�jdWÛÝ r�\�TVhsU�v�fBi²i�r�WdjYT-+�WYX·TVh
qpW,+=hATVUaTV\�h²�k�6�å`�Wdh²UH`�W�R�f_�nf_hAjYWÛÝ r�\_TlhsU|`=f_i8R�WdWYh�Z]\�P�h�X�v=UH`�W¯xBf_�VP�W�\_Z��B� Á | � | ³ �
Tli6Z]\�PAh�X²Rsy�PAiHTlhAc � `AWY\�^�WYS ����Ú�jdjY\�^�X�TlhAc�UH\FUa`�TViYvn�B� Á | � | ³ � À Þkç-è Ë �B� Á | � ² | ³ Õ
" � | �B�f� ² | � | " �UÌmv8~|`�Tlj¶`ØTli�jYf_�ljdP��nfuUaWYX TVhåjY\�h�i
U¶f_hsUäUaTVS�W i�Tlh�jdW
�B� Á | � ² | ³ Õ " �,TVi
f_�l^�W�f_XAy��mh�\¤~|h�v�fBh�X �B�V� ² | � | " � À ê r � { Õ ê r � ² Õ " { ��Ú�h�\_Ua`AWY^�\�RAiHWY^
xBfBUaTV\�h[P�i�WYX
Ua\[^�WYX�PAjYW�UH`�W,jd\�S#r��lWÞ¼AT�U�y³\_ZgUH`�W,fB�lc�\�^�TVUH`�S²v�TVi¯UH`=fBU�Wdx_WY^�y�TlhsUHWY^�xBf_��`=fBib^H\Q\�S
Z]\�^FfBU��VW�f_i
U�\�h�WäWY�VWYS#WYhsU��Ôt¶��W_� T�UFTliFhA\_U�h�WYjdWYi�iaf_^
y'UH\ jY\�S#r�PAUHW�Ua`�W+xBf_�VP�W�\_Z
��� Á | � | ³ �gZ]\_^l� Í ³ f_h�Xh�°^ &kÕ ³ � � fBR��lW�µ�TV�l�lPAi�Ua^HfBUaW�~|`ATlj¶`[xBf_�VP�WYi8\_Z¶�B�Y�6UH`�W
Ö¯��Ý�f_�Vc�\�^HT�Ua`�S jYf_�ljdP��nfBUHWYid�

Ä)'A¡ � � µ ¹ ° ´ ¸ ½
� � ° �_� �¤� ��¹
� µ ´ ¸ æ ���
µ ´ ´ ´ ´ ½
¹ ´ ´ ´ ´ ½

� f_R��lW�µk× � `AWbÖ��äÝ�f_�lc_\�^HT�Ua`�S \�h���y+jYf_�ljdP��nfBUHWl&!�f��Õ &� " �6xBf_�lP�Wdi�\_Z ��� Á | � | ³ �Û�
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�2\_^�WYf_j¶` ³ | ÁôÍ ³ Ç &�v�����" | � | ³ � TVibjYf_�ljdP��nfBUHWYX³Z]\�^ ³ Ç � Ç �áÕô&\ ³ �²�2\_^
W�f_j¶`ë�B�X�Ûv¦Ua`�WNR=f_�nfBh�jYWÞÝ�r)\�TlhsUKTliKZ]\�P�hAX���OkTVh�jYWDUa`�W�Ua\BU¶f_�mjY\_i�U»\BZñ+=h�X�TVh�c�fB�l�sR=f_�lf_h�jdW
r�\�TVhsUaiKZ]\�^4fõ+A¼kWYX ³ TVi~�h�V�yÕõ&��Ûv_UH`�Tli�j�f_hbR�W6f_S�\_^�UaT-�YWdXbTlhsUH\�Ua`AW6jY\_i�U»\BZ2TVUaWd^afBUHTlh�c
Ua`�^�\�P�c�`�Ua`AW¯i�W)(mP�Wdh�jYW¯Z]\�^�W�f_j¶` ³ � � `�W�Ua\_Uaf_� UHTlS#W�jY\�S#r��VWÛ¼kTVU�y,TligUa`AWYh�×
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 dÅ�Ä;£¦¥��)ÃQÅ�ÃQ¡�¢¦À
{Dy j�f_^�WdZ]P��V�Vy�f_h=f_��y��dTlh�c+UH`�W�R�\_P�h�X�i�WÛ¼kr��V\�^HWdX�TVhze6`=f_rAUHWY^b�kv�~NW�jYf_h³�lTlS#TVU8Ua`AW
hmP�SbR�Wd^�\_Z����X��Ý0x_fB�lP�Wdi�~6W+hAWYWYX�Ua\�j�f_�VjYP��lfBUaWB��}�\_UHTljdW#UH`=fBU�Z]\�^�f_hsy ³ v;~NW,\�hA�Vy
hAWYWYX�Ua\8�QhA\¦~��B�X��Z]\_^KUH`�W ³ Ù�UH`bR=fB�nf_h�jdWÛÝ r�\�TVhsU�v¦iHTVh�jYW�Ua`�TVi�x_fB�lP�W�~|Tl�V��R�WDP�i�WYXb~|`�Wdh
jYf_�ljdP��nfuUaTlhAcH���X��Ý0x_fB�lP�WdigZ]\�^�Ua`�W ³  "�Ù Ua`[^�\¤~�� � `�W�P�r�r)WY^�f_h�X��l\¤~6Wd^�R)\�P�hAX�i�\_h
UH`�WF\�rAUHTlS�f_�;iH\��VPAUaTV\�h�v�TVS�r��VTljdTVUa��y��lTVS�T�Uai|Ua`�WFr)\�i�TVUaTV\�h�\_ZNX�Wd�lTlS#TVUHWY^�iYv)`�WYh�jdW,fB�liH\
UH`�W8r�\�i�TVUHTl\�h�\_Z R=f_�nfBh�jYWÞÝ�r)\�TlhsUaid�4t�h�i
UaWYf_X+\_Z i�U¶fB^�UaTVh�c¯fBUNTlh�X�WÞ¼ ³ fuUNWYf_j¶`+^�\¦~�vm~NW
i
U¶f_^
U�fBUNUa`�WpTlh�X�WÞ¼�Tlh�X�TVj�fBUHWYX+Rsy#Ua`�WpiHP�S � ê r � { � &��)� ³ Õ%" �Û��t¶��W_�»Z]\�^NW�f_j¶` ³ vAiH�mTVr
fBi®S,fBhmy�WY�VWYS#WYhsUaiFfBiFr�\�i�iHTVR��lWBv4~|TVUH`�\�PAU®UH`�W�jY\_i�UF\_Z|UH`�WYi�W�WÞ¼kjYWYWdX�TlhAc ê r � { � &��
q�\®Ua`�W�iHf_S#Wp\�r)WY^HfBUaTV\�h+R=f_j¶�s~6f_^HXAigZ]^H\�S Ua`�WpWYh�X�\_Z�UH`�W�^�\¦~�vkUa\N+=hAX�\�PAUg~|`�Wdh
~NW#j�f_hzi�UH\�r���t�h�c_WYh�Wd^af_��vK~NW#j�f_hziH�mTlr4&PÕ ³ TVhmUHWY^
x_fB�li \_ZNjY\�i
U Ï r � { � &�fBU Ua`AW
Wdh�X�\_Z4WYf_j¶`[^�\¤~��+*¤�
� `�TViFTlS#r�^H\¤x_WYS#WYhsU®TViFf_h WÛ¼QUHWYh�i�Tl\�h \_Z�UH`�W�\�R�i�WY^�xBfBUHTl\�h�S�WdhmUHTl\�hAWYX f_R)\¤x�W_v

UH`=fBUbW�f_j¶`ÔTVhsUaWY^
xBf_�N`�f_ib^�\k\�S Z]\_^�\�hAW,WY�VWYS#WYhsU�� � `�W+TVh�jY^�W�f_i�W,TVh�r)WY^�Z]\_^HS�f_h�jYW
TVi�XAWYr)WYh�X�WdhsU�\�h?UH`�W[i�r=f_jdTlh�c�\_Z X=fBUaf�TVh?Ua`AW²i�W)(mP�WYhAjYW_v�f_h�X?Ua`�W[f_i�yQS#rAUa\_UHTlj
^�P�h�h�TVh�cFUaTVS�W�^�WYS�f_TlhAi�P�h�j¶`=f_hAc�WYX��
�4TVc�P�^�W�°®Tl�l�VP�i�UH^afBUHWYi6UH`�W W,��WYjÛU8\_Z�UH`�W Ua`�TVigTlS#r�^�\¦x_WYS#WYhsU���Ú�i�&²c_^H\¤~|i|jY�l\_iHWY^

UH\��4v�UH`�W�^HP�hAh�Tlh�c�UHTlS#W6\_Z2R)\_UH`�fB�lc�\�^�TVUH`�S�iKX�WdjY^�W�f_i�W�fBh�Xm+=h=f_�V�Vy¯R�WdjY\�S#WYi4�lTlhAW�f_^
~|`AWYhk& À ���
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ÐgüV¸ ¹G��í ÿ��78Vò:9 �1#�ÿ�þñ�¬��;��
}8Tljd\��0Ù�i f_�Vc�\�^HT�Ua`�S � �¤µ���i�Uaf_^�UHi'Rsy r)WY^
Z]\�^HS#Tlh�c f�R�TVh=f_^
y iHWYf_^Hj¶` Z]\�^ÔUH`�W2+=^Hi
U
R�f_�nf_hAjYWÛÝ r�\_TlhsU�v�� ² v�~|`�Tlj¶` TlibX�WYi�jY^HTVR�WdX?TVh e6`=f_rkUaWY^�¹��zt¶��W_��UH`�WäiHS�f_�l�VWYi
U��pZ]\�^
~|`ATlj¶` &ÃN P\µ A0�&8 | �! �" | � | �B��" | � | " � | &\Õ�";� À êcb�dfe �äÜ8Wdj�f_�V�»Z]^H\�S � `�WY\�^�WYS ��v
UH`=fBU�~|`�WYh Ua`ATli®Wd�lWYS#WYhsU;�V� ² � Tli¯Z]\�P�h�X�v»UH`�W+i�\��lPAUHTl\�hzUa\[UH`�Wä�²TVh2�[fu¼mÝ r�^H\�RA�lWYS�v
�B��" | � | &��Ûv)Tli�Þkç-è Ë �B��" | � ² | " � | �B�f� ² | � | &hÕ " �CÌm��}�TVjY\��;i�UH\�^HWdipUa`�WFjd\�i�U�\_Z�Ua`�W�+=^Hi
U
TVhsUaWY^
xBf_�0v1�B� Á | �-² | ";�Ûv�f_ibf�r�\_iHiHTVR��lW�i�\��lPAUHTl\�h � � `�W�iH\��VPAUaTV\�hzUH\ �B�V�&² | � | &�Õ�" ��Tli
Z]\_P�h�X+Rsy�^HWYr)W�fuUaTlhAc�Ua`AWpr�^�\kjdWYiHi6\�h,Ua`ATli6i�P�RkÝ r�^H\�RA�lWYS��4Ú8ZÓUaWd^5&�jd\�i�UHig`=f�x�W�R)WYWdh
i
Ua\�^�WYX�v8Ua`�W³i�S,f_�V�lWdi�U�\�hAW Tli+Ua`AW \�rAUaTVS,fB��i�\��lPAUHTl\�h UH\ Ua`�Wz�²TVh2�[fu¼mÝ r�^H\�RA�lWYS��
��Tlc�P�^�W ´�Tl�l�VP�i�UH^afBUHWYi6UH`�W Ua`�W�+�^Hi�U8i
UaWYr²\_Z;Ua`�W¯f_�Vc�\�^HT�Ua`�S��

i  = 4*

 1S

g(1,4,1)
g(4,n,p−1)

][ S S S SS S S S 2  3  4  5  6  n... 7  8S=

g(1,n,p):

��Tlc�P�^�W¯´A×6Ú8ZÓUaWY^õ� ² `=f_ipR)WYWdh²Z]\�PAh�X fBU8TlhAX�WÛ¼²¹�v=Ua`AW�jd\�i�Up\_Z¶�B��" |=xñ| " �6TVi8i
Ua\�^�WYX�v
fBh�X �B� xñ| � | &mÕ2" �6Tli�i�\��Vx_WYX�Rsyä^HWYr)W�fuUaTlhAc�UH`�W�r�^H\QjYWdX�P�^�W¯\_häUH`�Tli|i�P�RkÝ�rA^H\�R��VWYS��

Ò�À » Å�ÄK¢¤¥=¢¦ª�©+£u¨;¡�¡;ªJ¡;Ìz¢¦ª�Å�Ã
� \ +�h�X�WYf_j¶`ÔR=f_�lf_h�jdWÛÝ�r)\�TVhmUYv;f²R�TVh=f_^�y�iHW�fB^Hj¶` Tli�r)WY^
Z]\�^HS#WYX�v;P�i�Tlh�c[f²r�^�\�R�W#Tlh
WYf_j¶`zi�UaWdr�� � `�W�r�^�\�R�WFPAiHWYi��\� &Gw�xzy����pUaTlS#W_v�Ua`�WFR�TVh=f_^
y�iHWYf_^Hj¶`zP�i�WYi��\��w|xzy����
UHTlS#W_vmf_hAX�i�Tlh�jdW|UH`�Tli�`=fBi�UH\�R)W|^HWdr�WYfBUaWdX�&#UaTlS#WYidv�Ua`�W|Ua\BU¶f_�=fBi�yQS�rkUa\_UHTlj�^HPAh�h�TlhAc
UHTlS#W�Tlid×

�h��& s w|xzy s ���
µk�



 YÅ�Ä;£¦¥��)ÃQÅ�ÃQ¡�¢¦À
�å`�WYh UaWdi�UHTlh�c ~|`�WÛUa`�Wd^#Wd�lWdS�WdhmUÎ� TVibUa`AW ³ Ù�UH` R=f_�nfBh�jYWÞÝ�r)\�TlhsU�v»UH`�W�r�^�\�R�W�\_h��Vy
h�WYWdX�i Ua\�jY\_h�iHTVX�WY^�UH`�WFiHP�RQÝ�iHW,(mP�WYh�jdW r 8 ¾ ÜoÜ-Ü 8 Ú { vKf_iph�\_UaWdX³Tlhze6`=f_rkUaWY^ ¹A�®�4TVc�P�^HW
¸²Tl�V�lP�i
Ua^afuUaWYi ~|`=fuUF`=f_r�r)WYhAib~|`�WYhÔUH`�W�f_�Vc�\�^�TVUa`AS Ua^�TlWYi¯Ua\��V\kjYfBUaW�Ua`AW,r)\�iHT�UaTl\_h
\_Z�Ua`�WbiHWYjd\�h�X³R=f_�lf_h�jdWÛÝ�r)\�TVhmUY� � `AWFiHW)(mP�Wdh�jYW�8rÑ ÜoÜoÜ 8 Ú TliprA^H\�R)WYX�~|T�Ua`[UH`�WbxBf_�lPAW
��� xñ|Uù�| " �Nf_i8fFi�UHWYr²Tlh+Ua`AW¯RATlh=f_^
y+i�W�f_^�j¶`²Z]\�^*� ² v�Ua`�W�iHWdjY\�hAX²R=fB�nf_h�jdWÛÝ r�\�TVhsU��

 1S ]S n...[ ... S S SS S 4  5  6  7  8

i

g(4,7,1)

S=

g(4,n,p−1):

probe(S,8,n,g(4,7,1),p−2)

�4Tlc�PA^HW¯¸k× � `�W¯iHW,(mP�WYh�jdWo8rÑ ÜoÜoÜ 8 Ú TVi�r�^H\�R)WYXä~|TVUH`�Ua`�W xBf_�lPAWf��� xñ|Uù�| " �Û�

� `AW+TlS#r�^H\¤x_WYS#WYhsUai¯Ua\[UH`�W+r�^�\�R�W�X�Tli�jYP�i�iHWdX'TVh e6`=f_rkUaWY^F°[f_^HW,f_�li�\[TVS�r��VWÛÝ
S�WdhmUHWYX��
{Dy��_WdWYr�TVh�c�UH^af_j¶�+\BZ�UH`�W��l\¤~6Wdi�U8xBf_�lP�W rA^H\�R)WYX�iHP�jdjYWdiHi�Z]PA�l�Vy�fBh�X�Ua`�W¯`�Tlc_`�WYi
U

x_fB�lP�W�r�^�\�R)WYX,PAh�iHP�jdjYWdiHi�Z]PA�l�Vy_vkT�UDTli�r)\�iHi�TlR��VW|UH\bf�x_\�TlX#S,fBhmy®P�h�h�WdjYWYi�iaf_^
y,rA^H\�R)WYid�
t Z�rA^H\�R)W�^HWÛUaP�^�h�WYX � Ügwpº³Z]\�^�f�xBf_�lPAW_v�T�U»~|Tl�V�k^�WdUaPA^Hh � ÜgwpºzZ]\�^�f_�V�kxBf_�lPAWYi»`�TVc�`�Wd^
Ua`=f_h�Ua`�TViY�³e6\�hsx_WY^Hi�WY��y�v�TVZ|r�^�\�R)W,^HWÛUaP�^�h�WYX'�QÚ�Î;OAº Z]\�^bf[xBf_�VP�W_v4TVU¯~|Tl�l��^�WdUaPA^Hh
�kÚ�Î;OAº Z]\�^�f_�V�gx_fB�lP�Wdi��V\¦~NWY^#Ua`=fBhÁUa`�TViY� � `�TVi�jYf_h R)W�f_r�rA�lTlWdX'UH\�i�P�jYjdWYWYXATlh�c
r�^H\�R)WYi8\�h²iHP�RkÝ iHW,(QPAWYh�jdWYiYv�i�Tlh�jdW®}8TljY\_�;Wdh�iHPA^HWYipWYTVUH`�WY^�UH`=fBU�r�^HWÛxkTV\�P�i�X�WY�VTlS#TVUaWd^Hi
f_^HW�r��lf_jYWdX²\�rkUaTlS�f_�V�Vy�vm\�^�UH`=fBU|Ua`�W�\�rkUaTlS�f_��iH\��VPAUaTV\�h�Tli8f_�V^HW�fBXAy,Z]\�PAh�X��N{NyäjY\�hQÝ
UaTlhmP�\_P�iH��yäh=f_^H^�\¤~|Tlh�c�Ua`�W�P�r�r)WY^pf_h�X��V\¦~NWY^8R)\�P�h�X�i8Z]\�^8r�^H\�RATlh�cBÝ0xBf_�lP�WdiYv)}�TVjY\���Ù�i
P�iHWdi�fbr=f_^Hf_S#WdUa^�Tlj|iHWYf_^Hj¶`�UHWYj¶`�h�T-(mP�W_� � `�W�R)WY`�f¤xQTV\�^N\BZ�Ua`�Wpf_�lc�\_^HTVUH`�S fBZÓUHWY^DUa`�TVi
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